For a non-circular cylinder the radius of curvature changes around the circumference. Therefore for constant stiffness non-circular cylinders, some specific locations in the circumference are more prone to buckle. The same problem exists for circular cylinders with non-uniform loading in the cross-section like a cylinder under bending. This explanation brings to the mind the idea of tailoring the material such that the material potential is used more efficiently and if possible all parts of the cylinder contribute in the buckling phenomenon. Since the changes in the radius of curvature and/or loading happens in the circumferential direction, tailoring the material properties in the circumferential direction is a logical pattern. By assigning a certain number of half-waves in the longitudinal direction, the buckling eigen-value problem is solved to find the buckling load and circumferential mode shapes. The inverse of buckling load is approximated using a homogeneous, conservative formulation to increase the computational efficiency during optimisation. This is a hybrid approximation expanded in terms of stiffness linearly and reciprocally. Multimodal optimisation problem is formulated to minimise inverse of critical buckling factor. Variable stiffness design is compared with the quasi-isotropic design.
I. Introduction
The strong directional properties of fibre reinforced composites can be used more efficiently by taking advantage of fibre placement technology, which allows changing the fibre orientation distribution spatially in a structure. In the general case of shell design, stiffness tailoring would consider the change of local material stiffness (both in plane and bending) over the surface. For a general cross section cylinder like the special case of elliptical one, the radius of curvature changes continuously around the circumference. Therefore for a constant stiffness non-circular cylinder unlike the circular cylinders buckling may occur in some specific locations in the circumference which are weaker. In other words the whole material potential of the cylinder does not contribute in buckling. The same problem exists for circular cylinders with non-uniform loading in the cross-section like a cylinder under bending. This explanation of the buckling problem of non-circular cylinders leads to the idea of tailoring the material such that all points of the cylinder contribute in buckling. Since for a general cylinder the radius of curvature changes only in the circumferential direction, tailoring the material properties in the circumferential direction is a logical pattern. The same concept is valid for circular cylinders when the loading is not uniform in the cross section like a cylinder under bending.
Circumferential tailoring of circular cylinder has been previously studied by Blom et al. 1 have optimised a circular cylinder to carry maximum buckling load under bending by using constant curvature fiber paths while applying a strength constraint. Analysis and optimisation of the buckling load of elliptical cross-section cylinders under axial compression and torsion has been studied by some researchers 2 -4 using fibre angles and laminate thickness as design variables.
In this paper maximum buckling load design of cylinders with general cross-sections under axial loading, bending, and torsion is considered. Lamination parameters which provide a compact representation of the stiffness of a laminate are used as design variables. Use of these parameters reduces the number of design variables regardless of the stacking sequence. In addition, the feasible region of the lamination parameter design space is convex. 5, 6 The optimal circumferential distribution of material stiffness is obtained by determining an independent set of lamination parameters at each node in the discretised structure. Variable stiffness designs which have continuously variable lamination parameters over the cross section are introduced and compared with quasi-isotropic design.
II. Lamination Parameters
Lamination parameters first presented by Tsai and Hahn 7, 8 include a compact definition of lay-up configuration. The in-plane and out of plane lamination parameters are specified respectively as
wherez = z/h is the normalized through the thickness coordinate z of each layer in the lay-up measured from the middle surface, h is the laminate thickness, and θ(z) is the fiber angle atz. The in-plane stiffness matrix A and bending stiffness matrix D can be defined as linear functions of lamination parameters
The lamination parameters cannot be described independently, since the trigonometric terms used in their definition are related. The feasible lamination parameters domain in which these parameters are physically expressive is known for the in-plane ones as
The same feasible region exists also for bending lamination parameters. The buckling load for a general cylinder depends on both the in-plane stiffness A and the bending stiffness D. Therefore, definition of the feasible region for the combined set of in-plane and out of plane lamination parameters is needed. In this paper the set of linear constraints extracted by Setoodeh et al. 9 from the method of successive convex hull approximations is used for the definition of the feasible lamination parameter space.
III. Buckling Analysis
Although analytical solution is provided for the buckling of constant stiffness circular cylinders, 10 it is not applicable in the design of variable stiffness and/or general cross section cylinders since the stiffness and/or section membrane loads are not uniform.
For long cylinders the state of stress under given loading can be approximated by Saint Venant's solution which is only dependent on cross-sectional distribution of stiffness. For buckling analysis of cylinders the mode shape in the longitudinal direction is an integer number of half sinusoidal waves. Hence given the number of axial half waves a finite difference discretisation in the cross-sectional direction is used to find the buckling load and cross-sectional modes by solving the following eigenvalue problem
where K t is the global material stiffness matrix, K g is the global geometric stiffness matrix, a is the mode shape which contains the deformation degrees of freedom, and λ is the load multiplier or buckling factor. Buckling modes are normalised such that
Minimum potential energy criterion is applied to formulate the material and geometric stiffness matrix in the buckling eigen-value problem. The Flügge strain-displacement equations which are based on Love's first approximation for general shells are used.
where α , β , and αβ are the normal and shear strains in the middle surface (z = 0), also κ α , κ β are the mid surface changes in curvature and τ is the mid surface twist. Also R α and R β are the radii of the α and β coordinate curves. Deformations in the α, β and n directions are u, v and w, respectively. and
are the rotations of the normal to the middle surface during deformation about the β and α axes respectively. α and β coordinate curves for a general shell and A and B as the first fundamental quantities are briefly introduced in Appendix. n is the normal direction to the shell. For a cylinder α is the axial direction while β is the circumferential direction (R α = ∞) and A and B first fundamental quantities are equal to 1. A certain number of half-waves for the mode shape in the axial direction is assumed to eliminate the dependency of buckling problem on the axial coordinate(α), therefore the buckling mode shape can be expressed as
where K = mπ, m is the number of axial half-waves and L is the length of the cylinder. Therefore, the buckling problem is only discretised in the cross-sectional direction.
For construction of the potential energy, moderately large rotations are assumed and in order to avoid numerical problems trapezoidal and mid-point numerical integration are used for the membrane and bending part, respectively. By substituting the number of axial half-waves for a general cross-section the straindisplacement relations are written in the matrix form,
where
The constructive elements of the material and geometric stiffness matrix are derived from the minimum potential energy approach,
k m and k b are constructive elements for the membrane and bending parts of the global material stiffness matrix (K t ) respectively and k g is the formative element of the global geometric stiffness matrix (K g ). The global matrices are made by assembling these elements. ∆ is the discretisation interval in the circumferential direction and N is the vector of membrane forces.
IV. Sensitivity Analysis
In this section derivation of sensitivity of buckling load with respect to the in-plane and out of plane stiffness of each discretisation point is explained. Material stiffness matrix is explicitly a function of in-plane and out of plane stiffness, while geometric stiffness is a function of load distribution which is subsequently a function of in-plane and out of plane stiffness distribution. Since the conservative approximation in section V is built for the inverse of buckling load (r = 1/λ), the eigen-value problem is reformulated
where b is an element of either the in-plane or out of plane stiffness matrix. Finding the derivatives of Eq. (19) with respect to stiffness and pre-multiplying the whole expression by a T ,
For the first part of the Eq. (21) the adjoint sensitivity analysis is used, the mode shape is constant (a = cte) and by assigning g = a T K g a we have
In order to calculate du db , derivatives of the equilibrium equation K s u = f are found with respect to the stiffness
where K s is the static stiffness matrix and f is the external force vector. The adjoint sensitivity is formulated as dg db
where V is the adjoint vector evaluated from
The second part in the Eq. (21) can be derived easily by finding the derivatives of the constructive elements (k m and k b ) of the material stiffness matrix with respect to elements of in-plane or out of plane stiffness.
V. Conservative Approximation
Sequential approximation is a method extensively applied in structural optimisation. This technique improves the computational efficiency by avoiding a large number of analysis required to find an optimum. The main goal is to construct separable approximations of objective function and constraints for each discretisation point. Hence one large optimisation problem for the whole structure is replaced by small optimisation problems at each point. The optimisation is implemented on these approximations and after each implementation the design is updated. This procedure is repeated by constructing a new approximation until the solution is converged.
The buckling load is a function of both in-plane and out of plane stiffness. Previously, reciprocal approximation in which the response is approximated in terms of inverse of stiffness properties, has been successfully implemented for compliance and vibration designs.
12, 13 Applying the same method for buckling is not a good idea, since the approximation is found to be non-homogeneous and non-convex. A homogeneous, conservative approximation 14 is proposed for approximation which is a hybrid formulation of linear and reciprocal approximation. In this approximation the function is expanded using a Taylor series in terms of stiffness matrices and their reciprocals.
The approximation is built for the inverse of buckling load (r) which is a measure of compliance. It is clear from Eq. (21) that the effect of stiffness on r can be subdivided into two parts. The first part which is through the material stiffness matrix is due to local effect of change of stiffness on the buckling load while the load distribution is unchanged. The second part which is from the geometric stiffness matrix is due to the primary effect of change of stiffness on the load distribution which is a global effect. For the approximation, part of r due to the local effect is expanded reciprocally while the part due to the global effect is expanded linearly. The approximation suitable for optimisation is formed after neglecting the constant part of the complete Taylor series at the approximation point and can be expressed as
where Φ and Ψ are the sensitivities of inverse of buckling load from the material stiffness matrix with respect to compliance and geometric stiffness matrix with respect to stiffness, respectively. The superscript m and b denotes the sensitivities with respect to the in-plane and out of plane compliance or stiffness, respectively. Subscript j shows the sensitivity with respect to the compliance or stiffness values at point number j.
As the applied external load is constant and the internal load redistribution is a function of relative change of in-plane and out of plane stiffness, the summation of global effects from all points at the approximation point is always zero.
Since the stiffness matrices are always positive definite, Eq.( 27) clarifies that the sensitivity matrix is not essentially positive definite. Therefore convexity of the problem is not promised using reciprocal expansion of the terms related to the global effect. But it is assured at least that the approximation is not concave when these terms are expanded linearly. The local part which is expanded reciprocally is always convex and in this way the whole approximation is guaranteed to be convex.
VI. Multi-modal Design
For maximising the buckling load, all critical modes should be incorporated in optimisation procedure. Therefore the problem of buckling optimisation is expressed as minimisation of the critical value for inverse of buckling load min(max(r i )) where r i (for i = 1, 2, ..., l) is the value of inverse of buckling load for mode number i.
This optimisation problem can be solved using the bound formulation proposed by Olhoff
The problem can subsequently be solved using the dual-method, 16 which leads to the following optimisation problem
where µ i are the Lagrange multipliers and are determined by maximising the complimentary Lagrangian subject to non-negativity of the Lagrange multiplier, µ i > 0, as well as their sum being unity. Therefore, the approximation for the objective function is expressed as
where l is the number of modes and n is the number of nodes. Eq. (30) is separable and can be solved locally at each discretisation point. In other words, the objective function can be minimised by optimising the following local function
subject to the constraints on the lamination parameters.
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VII. Results
As three examples the buckling load maximisation of a circular cylinder under bending, an elliptical cylinder under axial compression and also an elliptical cylinder under torsion which have been previously studied in literature are investigated. For multi-modal optimisation, up to 10 axial half-waves are examined and the 10 most critical buckling loads are found and optimisation is implemented on these selected modes. The geometric and material properties of these cylinders are summerised in tables 1 and 2. The azimuth angle in figures starts from the top crown of the cylinder.
The circular cylinder under bending has the same properties as those mentioned by Blom et al., 1 the objective is to maximise the buckling load with the constant ply thickness. For the mesh convergence study up to 128 discretisation points around the circumference are examined and for the optimisation purposes 64 points are chosen. Around 42% improvement in the buckling load is achieved with respect to the quasiisotropic design and the buckling load is 7598 in-kips for variable stiiffness design. Blom et al.
1 have considered constraints on strength, deflection effective stiffness and in-plane fibre curvature and they have reached the buckling load of 6188 in-kips which is 17% improvement with respect to a baseline stacking sequence composed of 0, ±45 and 90 degree plies. The axial force and strain distribution around the circumference is shown in figure 1 . It is clear from this figure that the axial strain distribution around the circumference of the variable stiffness cylinder has a sinusoidal pattern since the two ends of the cylinder remain planar. The strains have greater values in the compression side due to shift in neutral axis towards the tension side. The maximum axial section force on the compression side of the variable stiffness cylinder is less than the maximum axial force on the tension side and the pattern is not anymore sinusoidal. This mechanism which increases the buckling load is due to the tailoring that reduces the local stiffness in the compression side and increases that in the tension side. Therefore the load is realeased in the compression side and more tolerated by the tension side. Circumferential critical buckling mode shape is shown in figure 2 .
The elliptical cylinder under axial compression has the properties of the small cylinder studied by Sun and Hyer.
2 The difference is the nonlinear prebuckling analysis in their work while the analysis in this paper is completely linear. Around 55% improvement is gained with respect to the quasi-isotropic design. figure 3 shows the critical mode shapes for the quasi-isotropic and variable stiffness cylinder. It can be seen that for quasi-isotropic designs the sections with larger radius of curvature are more prone to buckle. Distribution of axial force is shown in figure 4 while axial strain is uniform. For variable stiffness design the load is distributed such that the sections with larger radius of curvature impart less load and sections with smaller radius of curvature have larger axial force values. In this way the whole parts of the cylinder contribute in buckling phenomenon and buckling load is maximaised. Further comaprisons with the results from Sun and Hyer 2 will be made based on nonlinear prebuckling analysis in future work. The elliptical cylinder under torsion has the properties of the small cylinder investigated by Haynie and Hyer. 4 The buckling torque is improved around 50% for the variable stiffness design with respect to the quasi-isotropic cylinder. The shear load is the same for variable stifness and quasi-isotropic design, this is while the shear strain is larger for the variable stiffness design and the ratio with respect to the value for quasi-isotropic design is close to the value of improvement in buckling load. In other words, in variable stiffness design the cylinder becomes less stiff, allowing to have larger rate of twist and strain and hence larger buckling torque. Reduced stiffness keeps the shear load almost unchanged. Critical mode shapes are shown in figure 5 .
Final distribution of lamination parameter should be used to retrieve the fibre angles in order to have a practical design. There is a recently developed method for retrieving the fibre angles 17 which will be used in future work. It is worth to mention that usually a loss of performance happens using the retrieved fibre angles. 
VIII. Conclusion
Linear buckling analysis of general cross-sectional cylinders is formulated. A conservative hybrid approximation is constructed for the inverse of buckling load. The optimisation is formulated as minimisation of the maximum inverse of buckling load and is solved using bound formulation. Optimisation is performed for buckling under axial compression, bending and torsion and the variable stiffness design is compared with the quasi-isotropic design. By looking at the cross-sectional load distribution of the final design it is tried to understand the mechanisms involved in buckling improvements. Retrieving the fibre angle from lamination parameter distribution will be considered in future work. 
